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Course Outline	
 
q  Review probability  

 
q  Vector of random variables  

 
q  Estimation  

 
q  LLN and CLT  

 
q  Random processes  

 
q  Stochastic signal processing  

q  Markov chains  and other typical random processes 

q  Filtering, smoothing and prediction 

q   
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Grading	
 
q In-class participation :  5% 
 
q Homework (MATLAB) : 15 % 

 
q Midterm 1: 20% 

q Midterm 2 : 20%  
 

q Final Exam: 45 % 
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(Fourth Edition) Athanasios Papoulis, S. Unnikrishna Pillai 
McGraw-Hill, 2002. 
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PART 1 
Axioms of Probability 

1.1 Introduction 
1.2 Sample Space and Events  
1.3 Axioms of Probability 
1.4 Basic Theorems 
1.5 Continuity of Probability Function 
1.6 Probabilities 0 and 1 
1.7 Random Selection of Points from Intervals 
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1.1: Introduction 
Overview: 
q  What’s Random?  
q  What’s Certain? 
q  What’s Impossible?

Examples：

1.  Disintegration of a given atom of radium 
2.  Finding no defect during inspection of a microwave oven 
3.  Orbit satellite in space is at a certain position 
4.  An object travels faster than light 
5.  A thunderstorm flashes of lighting precede any thunder 

echoes 

An event may or may not occur 
Occurrence of an event is inevitable 
An event can never occur 



7 

Relative Frequency Interpretation 
Definition：the probability p of event A is definded as 
                    
Dilemmas：

1.  Can not be computed since n→∞, only approximation 
2.  Does the limit of n(A)/n exist? 
3.  Probabilities that are based on our belief and knowledge 

are not justifiable.  
     ♦The probability that the price of oil will be raised in   
       the next six months is 60%. 
     ♦The probability that it will snow next Yalda night is 

30%   
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1.2: Sample Space and Events 
q  Sample Space：  

The set of all possible outcomes, denoted by S  
q  Sample points：

These outcomes are called sample points, or points.  
q  Events：

Certain subsets of S are referred to as  events.  
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Examples 
q  Example 1：  

For the experiment of tossing a coin once, what is the 
sample space S ?  

q  Example 2：  
Suppose that an experiment consists of two steps. 
First a coin is flipped. If the outcome is tails, a die is  
tossed. If the outcome is head, the coin is flipped again. 
What is the sample space S ? What is the event of  
heads in the first flip of the coin? What is the event 
of an odd outcome when the die is tossed? 
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Examples 
q  Example 3：  

Consider measuring the lifetime of a light bulb. Since 
any nonnegative real number can be considered as the  
lifetime of the light bulb (in hours), the sample space S  
is  S = {x：x ≥ 0 }.  
The event  E = {x：x ≥ 100 } is the event that the light 
bulb lasts at least 100 hours. 
The event  F = {x：x ≤ 1000 } is the event that it lasts at  
most 1000 hours. 
The event G = {505.5} is the event that it lasts exactly 
505.5 hours. 
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Examples 
q  Example 4：  

Suppose that a study is being done on all families with  
one, two, or three children. Let the outcome of the  
study be the genders of the children in descending  
order of their ages. What is the sample space S ?  
What is the event F where the eldest child is a boy?  
What is the event G where families with exactly 2 girls? 

Ans：S = {                                                                                          } 
F = {                                                     } 
G = {                                         } 
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Examples 
q  Example 5：  

A bus with a capacity of 34 passengers stops at a   
station some time between 11:00 AM and 11:40 AM  
every day.   
What is the sample space of the experiment, consists of 
counting the number of passengers on the bus and  
measuring the arrival time of the bus?  
Ans: 

What is the event                                                ?  }1111 :),27{( 3
2

3
1 ≤≤= ttF

Ans: 
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Occurrence of an Event 
q If the outcome of an experiment belongs to 

an event E, we say that the event E has 
occurred.  
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Relations of Events 

i
n
i E1=∩

q Subset  
An event E is said to be a subset of the event F if,  
whenever E occurs, F also occurs. ⇔ E ⊆ F  

q Equality  
Events E and F are said to be equal if the occurrence  
of E implies the occurrence of F, and vice versa.  
⇔ E = F  

q Intersection  
An event is called the intersection of two events E and F  
if it occurs only whenever E and F occur simultaneously.  
It is denoted by E ∩ F . General Form： 

EFFE ⊆⊆⇔   and  



15 

Relations of Events (Cont’d) 
q Union  

An event is called the union of events E and F if it  
occurs whenever at least one of them occurs.  
It is denoted by E ∪ F . General Form： 

q Complement  
An event is called the complement of the event E if it  
only occurs whenever E does not occur, denoted by EC 

q Difference  
An event is called the difference of two events E and F  
if it occurs whenever E occurs but F does not, and is  
denoted by E-F . 

Notes: EC = S-E and E-F = E∩FC 

i
n
i E1=∪
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Relations of Events (Cont’d) 
q Certainty  

An event is called certain if it its occurrence is  
inevitable. The sample space is a certain event.  

q Impossibility  
An event is called impossibility if there is certainty in  
its nonoccurence. The empty set is an impossible event.  

q Mutually Exclusiveness  
If the joint occurrence of two events E and F is  
impossible, we say that E and F are mutually exclusive.  
That is, E∩F = φ . 
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Venn Diagrams of Events 
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Examples 
q Example 6： 

At a busy international airport, arriving planes land on  
a first-come first-served basis. Let  
     E = there are at least 5 planes waiting to land, 
     F = there are at most 3 planes waiting to land, 
     H = there are exactly 2 planes waiting to land. Then 
EC is the event that  at most 4 planes are waiting to land.  
FC is the event that  at least 4 planes are waiting to land.  
E is a subset of FC.   That is, E∩FC = E  
H is a subset of F.  That is, F∩H = H  
E and F, E and H are mutually exclusive. 
F∩HC is the event that the number of planes waiting to     
      land is 0, 1, or 3.  
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Useful Laws  
q Commutative Laws: E∪F = F ∪ E,  E ∩ F = F ∩ E  
q Associative Laws: 

E∪(F ∪ G) = (E ∪ F) ∪ G,  E ∩(F ∩ G) = (E ∩ F) ∩ G  
q Distributive Laws: 

(E∩F)∪H = (E∪H)∩(F∪H),  (E∪F)∩H = (E ∩H) ∪(F∩H)  
q De Morgan’s Laws: 

q De Morgan’s Second Laws: 
(E∪F)C = EC ∩ FC, C

i
n
i

C
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(E ∩ F)C = EC∪ FC, C
i
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Examples  
q Example 7： 

Prove De Morgan’s First Law：For E and F, two 
events of a sample space S, (E∪F)C = EC ∩ FC = ECFC . 

Pf： Use Equality property, E = F iff  E ⊆ F and F ⊆ E. 
1. Show that  (E ∪ F)C ⊆ EC∩FC. 

2. Show that EC∩FC ⊆ (E ∪ F)C. 
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1.3 Axioms of Probability  
q Definition： Probability Axioms 

Let S be the sample space of a random phenomenon. 
Suppose that to each event A of S, a number denoted 
by P(A) is associated with A. If P satisfies the 
following axioms, then it is called a probability and the 
number P(A) is said to be the probability of A.  
 
Axiom 1     P(A) ≥ 0 
Axiom 2     P(S) = 1 
Axiom 3     if {A1, A2, A3, …} is a sequence of    
                  mutually exclusive events, then  
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Equally likely： P(A) = P(B) 
                       P({ω1}) = P({ω2}) 
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Theorem 1.1  
  The probability of the empty set φ is 0. That is,   

P(φ) = 0.

Pf： 
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Theorem 1.2  
   Let {A1, A2, A3, … , An} be a mutually exclusive set 

of events. Then

Pf： 
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Properties of Probability  
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q Countable additivity & finite additivity 



q The probability of the occurrence of an event is 
always some number between 0 and 1. That is,      
0 ≤ P(A) ≤ 1. 

q Probability is a real-value, nonnegative, countably 
additive set function.  

q The set of all subsets of S is denoted by P(S) and 
is called the power set of S.                     
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Examples  
   Let P be a probability defined on a sample space 

S. For events A of S define Q(A) = [P(A)]2 and 
R(A) = P(A)/2. Is Q a probability on S ? Is R a 
probability on S ? Why or why not? 

Sol： 
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Examples  
q Example 8： 
  A coin is called unbiased or fair if, whenever it is flipped, 

the probability of obtaining heads equals that of obtaining 
tails. When a fair coin is flipped, the sample space is    

    S = {T, H}. 
    Since {H} and {T} are equally likely & mutually exclusive,  
                 1 = P(S) = P({T,H}) = P({T}) + P({H}) . 
                 Hence, P({T}) = P({H}) = 1/2. 
    When a biased coin is flipped, and the outcome of tails is 

twice as likely as heads. That is, P({T}) = 2P({H}).Then  
               1 = P(S) = P({T,H}) = P({T}) + P({H}) =3P({H}) . 
               Hence, P({H}) = 1/3 and P({T}) = 2/3. 
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Examples  
q Example 9： 
  Sharon has baked 5 loaves of bread that are identical 

except that one of them is underweight. Sharon’s husband 
chooses one of these loaves at random. Let Bi , 1 ≤ i ≤ 5, be 
the event that he chooses the ith loaf. Since all 5 loaves 
are equally likely to be drawn, we have 

               P(B1) = P(B2) = P(B3) = P(B4) = P(B5)  
    Since all {Bi}, 1 ≤ i ≤ 5, are equally likely & mutually 

exclusive,  
                 1 = P(S) = P({B1, B2 , B3 , B4 , B5 }) = 5P(B1) . 
               Hence, P(B1) = 1/5 and P(Bi) = 1/5 , 1 ≤ i ≤ 5. 
    Therefore, the probability that Sharon’s husband chooses   
                the underweight load is 1/5.  



28 

Theorem 1.3 
  (Classical Definition of Probability) 
  Let S be the sample space of an experiment. If S has N 

points that are equally likely to occurs, then for any event 
A of S,  

                
    where N(A) is the number of points of A.   
Pf： 

N
ANAP )()( =
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Examples  
q Example 10： 
  Let S be the sample space of flipping a fair coin three 

times and A be the event of at least two heads; then  
    S = {                                                                              }  
    and A = {                                            }.                
    So N =      and N(A) =      .   
    The probability of event A is.   
              P(A) = N(A)/N =                    . 
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Examples  
q Example 11： 
  An elevator with 2 passengers stops at the second, third, 

and fourth floors. If it is equally likely that a passenger 
gets off at any of the 3 floors, what is the probability 
that the passengers get off at different floors?  

Sol：Let a and b denote the two passenger and a2b4 mean 
that a gets off at the 2nd floor and b gets off at the 4th 
floor. So  S = {                                                                             }  

    and A = {                                              }.                
    So N =    and N(A) =      .  The probability of event A is.   
                 P(A) = N(A)/N =                 . 
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Examples  
q Example 12： 
  A number is selected at random from the set of integers 

{1, 2, …, 1000}. What is the probability that the number is 
divisible by 3?  

Sol：

    Let A be the set of all numbers between 1 and 1000 that 
are divisible by 3. 

    ⇒ N = 1000, and N(A) =                       .   
    Hence, the probability of event A is.   
                 P(A) = N(A)/N =                          . 
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Examples  
q Example 13： 
  A number is selected at random from the set of integers 

{1, 2, …, N }. What is the probability that the number is 
divisible by k, 1 ≤ k ≤ N ?  

Sol：

    Let A be the set of all numbers between 1 and N that are 
divisible by k. 

    ⇒ N(A) = ⎣N/k⎦ .   
    Hence, the probability of event A is.   
                 P(A) = N(A)/N = ⎣N/k⎦ /N . 
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Remark 1  
q  Different manifestations of outcomes of an experiment 

may lead to different representations for the sample 
space of the same experiment.   

    For example,  
    let the outcomes of the study be the number of girls and 

the number of boys in a randomly selected family. Then 
    S = {bbb, bgg, bgb, bbg, ggb, gbg, gbb, ggg}   
    and Ω = {bbb, bbg, bgg, ggg} are both reasonable sample 

space. In S, all sample points occur with probability 1/8.     
          But in Ω,  P(bbb) = P(ggg) = 1/8,  P(bbg) = P(bgg) = 3/8. 
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1.4 Basic Theorem  
q Theorem 1.4 
  For any event A, P(AC) = 1 - P(A).   
Pf：

 
 
q Theorem 1.5 
    If A ⊆ B, then P(B-A) = P( B∩AC ) = P(B)-P(A). 
Pf： 

S 

A B-A 

B 

Corollary： If A⊆B, then P(A) ≤ P(B). 
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Theorems  
q Theorem 1.6 
   
Pf：

 
 
q Example 1.15 
   Suppose that in a community of 400 adults. 300 bike or 

swim or do both. 160 swim, and 120 swim and bike. What 
is the probability that an adult, selected at random from 
this community, bike? 

Ans： 0.65 

).()()()( BAPBPAPBAP ∩−+=∪

S 

A B A∩B 
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Examples  
q Example 14： 
  A number is chosen at random from the set of integers 

{1,2, …, 1000}. What is the probability that it is divisible 
by 3 or 5? 

   Ans： 0.467. 
q Example 15： 
   Suppose that 25% of the population of a city read 

newspaper A, 20% read newspaper B, 13% read C, 10% 
read both A and  B, 8% read both A and C, 5% read B and 
C, and 4% read all three. If a person from this city is 
selected at random, what is the probability that he or 
she does not read any of these newspaper? 

Ans： 0.61 
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Inclusion-Exclusion Principle  
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Examples  
q Example 16： 
  Dr. Grossman, an internist, has 520 patients, of which (1) 

230 are hypertensive, (2) 185 are diabetic, (3) 35 are 
hypochondriac and diabetic, (4) 25 are all three, (5) 150 
are none, (6) 140 are only hypertensive, and finally, (7) 15 
are hypertensive and hypochondriac but not diabetic.  

    Find the probability that Dr. Grossman’s next 
appointment is hypochondriac but neither diabetic nor 
hypertensive. Assume that appointments are all random. 
This implies that even hypochondriacs do not make more 
visits than others. 

  Ans： ~0.06. 
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Examples  
q Example 17： 
    In a community, 32% of the population are male smokers; 

27% are female smokers. What percentage of the 
population of this community smoke? 

    Ans： 0.59 . 
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1.5 Continuity of Probability Functions  
q Definition of Continuity 
   For function f：R→R, it is called continuous at a  

point c∈R if limx→c f(x)=f(c).  
    For sequential criterion f：R→R, it is continuous on R 

if and only if, for every convergent sequence 
           in R,  
q Increasing & Decreasing 
   A sequence {En , n≥1} of events of a sample space is 

called increasing if E1⊆E2⊆…⊆En⊆…; it is called 
decreasing if E1⊆E2 ⊆ … ⊆ En ⊆ ….  

 

∞
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Continuity of Probability Function  
q Theorem 1.8 
    
 
Pf： 
    

).lim()(lim                                  
},1,{  events, of sequence decreasingor   increasingany For 

nnnn

n

EPEP
nE

∞→∞→
=

≥



42 

Example 18  
    Suppose that some individuals in a population produce 

offspring of the same kind. The offspring of the initial 
population are called second generation, the offspring of 
the second generation are called third generation, and so 
on. If with probability exp[-(2n2+7)/(6n2)] the entire 
population completely dies out by the nth generation 
before producing any offspring, what is the probability 
that such a population survives forever? 

Sol： 
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1.6 Probabilities 0 and 1  
Q：If E and F are events with probabilities 1 and 0, is it   

correct to say that E is the sample space S and F is the 
empty set φ ?  

Example：    
   Suppose that an experiment consists of selecting a 

random point from the interval (0,1), what is the 
probability that 1/3 is selected ? 

Sol： 
    
 
    

Let An be the event that the selected decimal has 3 as its first 
n digits; then A1⊃ A2⊃ A3⊃ A4⊃… ⊃An⊃ An+1⊃…, since 
the occurrence of An+1 guarantees the occurrence of An . 
A1={0.3, 0.31.0.32,…,0.39, 0.331.0.332,…,0.339, 0.3331,…}, 
A2={0.33, 0.331.0.332,…,0.339, 0.3331,…}, …  
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Example (Cont’d)  
P(0.3) = 1/10 = P(A1) 
P(0.33) = 1/100 = P(A2) 
P(0.333) = 1/1000 = P(A3) 
… 
P(An) = 1/10n 

0)(lim)selected is 
3
1( ==∴

∞→
nn
APP

Hence, for any point x ∈ (0,1), we have P(x) = 0.  
So let E = (0,1) - {x}, F = {x},  then P(E) = 1  and P(F) = 0 .  
But E is not the sample space S = (0,1), and F is not the empty set φ . 
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1.7 Random Selection of Points from  Intervals 
Definition     
    A point is said to be randomly selected from an 

interval (a,b) if for any two subintervals of (a,b) 
that have the same length are equally likely to 
include the point.  

    
   The probability associated with the event that 

the subinterval (α,β) contains the point is defined 
to be  

                   (β-α)/(b-a) . 
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Conditional Probability and 

Independence 

2.1 Conditional Probability 
2.2 Law of Multiplication  
2.3 Law of Total Probability 
2.4 Bayes’ Formula 
2.5 Independence 
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2.1  Conditional Probability 
Definition 
   If P(B) > 0, the conditional probability of A 

given B, defined by P(A|B), is 
 
 )(
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Example 1 
    In a certain region of Russia, the probability that a 

person lives at least 80 years is 0.75, and the 
probability that he or she lives at least 90 years is 
0.63. What is the probability that a randomly 
selected 80-year-old person from this region will 
survive to become 90 ?  

Sol: 
 

Ans:  0.84 
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Example 2 
   From the set of families with two children, a 

family is selected at random and is found to 
have a girl. What is the probability that the 
other child of the family is a girl? Assume 
that in a two-child family all sex distributions 
are equally probable. 

Sol: 
 
  

Ans:  1/3 
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Example 3 
   From the set of all families with two children, 

a child is selected at random and is found to 
be a girl. What is the probability that the 
second child of this girl’s family is also a girl? 
Assume that in a two-child family all sex 
distributions are equally probable. 

Sol: 
 
  

Ans:  1/2 
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Example 4 
An English class consists of 10 Koreans, 5 
Italians, and 15 Hispanics. A paper is found 
belonging to one of the students of this class. 
If the name on the paper is not Korean, what is 
the probability that it is Italian? Assume that 
names completely identify ethnic groups. 
Sol: 
 

Ans:  1/4 
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Theorem 2.1  
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Let S be the sample space of an experiment, and 
let B be an event of S with P(B) > 0. Then 
 
(a) P(A|B) ≥ 0 for any event A of S. 
(b) P(S|B) = 1. 
(c) If A1, A2,…,  is a sequence of mutually exclusive  
     events, then 
 
 
 
Pf： 
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Reduction of Sample Space 
The conditional probability P(A|B) over sample 
space S is equal to the probability P(A’) over the 
reduced sample space S’ = B. S 

A B A∩B )(
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Example 5 
   A child mixes 10 good and three dead batteries. 

To find the dead batteries, his father tests 
them one-by-one and without replacement. If 
the first four batteries tested are all good, 
what is the probability that the fifth one is 
dead? 

Sol： 

Ans:  1/3 
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Properties Summary 
   1. P(φ |B) = 0 
   2. P(Ac|B) = 1－P(A|B) 
   3. If C⊆A, then  
           P(ACc|B) = P(A－C|B) = P(A|B)－P(C|B) 
   4. If C⊆A, then P(C|B) ≤ P(A|B) 
   5. P(A∪C|B) = P(A|B) + P(C|B)－P(AC|B) 
   6. P(A|B) = P(AC|B) + P(ACc|B)  
   7. P(A1∪A2∪… ∪An|B) =? 
   8.  )|lim()|(lim BAPBAP nnnn ∞→∞→

=
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2.2  Law of Multiplication 

)(
)()|(

BP
ABPBAP =

From the definition of conditional probability 
              
 
 
Then we have                               . 
 
Similarly,                                . 
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Example 6 
     Suppose that 5 good fuses and 2 defective ones 

have been mixed up. To find the defective fuses, 
we test them one-by-one, at random and without 
replacement. What is the probability that we are 
lucky and find both of the defective fuses in the 
first two tests? 

Sol： 

Ans:  1/21 
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Theorem 2.2 
 
 
 
 
 
Pf：by Mathematic Induction. (D.I.Y) 
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Example 7 
A consulting firm is awarded 43% of the contracts 
it bids on. Suppose that Nordulf works for a 
division of the firm that gets to do 15% of the 
projects contracted for. If Nordulf directs 35% of 
the projects submitted to his division, what 
percentage of all bids submitted by the firm will 
result in contracts for projects directed by 
Nordulf? 
Sol： 
 
 

Ans:  0.0226 
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Example 8 
Suppose that 5 good fuses and 2 defective ones 
have been mixed up. To find the defective fuses, 
we test them one-by-one, at random and without 
replacement. What is the probability that we are 
lucky and find both of the defective fuses in 
exactly 3 tests? 
Sol： 
 
 
 
 
 

Ans:  2/21 
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2.3  Law of Total Probability 
Theorem 3.3 
Let B be an event with P(B) > 0 and P(Bc) > 0. Then 
for any event A, 
 
Pf： 
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Example 9 
An insurance company rents 35% of the cars for 
its customers from agency I and 65% from 
agency II. If 8% of the cars of agency I and 5% 
of the cars of agency II break down during the 
rental periods, what is the probability that a car 
rented by this insurance company breaks down? 
Sol： 

Ans:  0.0605 
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Example 10 (Gambler’s Ruin Problem) 
Two gamblers play the game of “heads or tails,” in which 
each time a fair coin lands heads up player A wins $1 from 
B, and each time it lands tails up, player B wins $1 from A. 
Suppose that player A initially has a dollars and player B 
has b dollars. If they continue to play this game 
successively, what is the probability that (a) A will be 
ruined; (b) the game goes forever with nobody winning? 
Sol： 

Ans: (a) b/(a+b)   (b) 0 
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Definition of Partition 
Let {B1, B2, …, Bn} be a set of nonempty subsets of 
the sample space S of an experiment. If the events 
B1, B2, …, Bn are mutually exclusive and              ,  
the set {B1, B2, …, Bn} is called a partition of S. 
 

SBi
n

i
=∪

=1

S 

B1 

B2 

B5 

B4 

B3 
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Theorem 2.4：Law of Total Prob. 
If {B1, B2, …, Bn} is a partition of the sample space 
of an experiment and P(Bi) > 0 for i = 1,2,…, n, then 
for any event A of S, 
  
 
 
Pf： 
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Example 10 
Suppose that 80% of the seniors, 70% of the juniors, 50% 
of the sophomores, and 30% of the freshmen of a college 
use the library of their campus frequently. If 30% of all 
students are freshmen, 25% are sophomores, 25% are 
juniors, and 20% are seniors, what percent of all students 
use the library frequently? 
Sol： 

Ans:  0.55 
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Example 11 
An urn contains 10 white and 12 red chips. Two 
chips are drawn at random and, without looking at 
their colors, are discarded. What is the 
probability that a third chip drawn is red? 
Sol： 

Ans:  6/11 
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2.4  Baye’s Formula 
Theorem 2.6 
Let {B1, B2, …, Bn} is a partition of the sample 
space of an experiment. If for i = 1,2,…, n, P(Bi) > 
0, then for any event A of S with P(A) > 0 , 
  
 
 
 
If P(B) > 0  and P(Bc) > 0, then for any event A of S 
with P(A) > 0,  
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Example 12  
A box contains 7 red and 13 blue balls. 2 balls are 
selected at random and are discarded without 
their colors being seen. If a third ball is drawn 
randomly and observed to be red, what is the 
probability that both of the discarded balls were 
blue? 
Sol： 
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2.5  Independence  
Definition 
 
Two events A and B are called independent if 
and only if  
                     P(AB) = P(A)P(B). 
 
If two events are not independent, they are 
called dependent. If A and B are independent, 
we say that {A, B} is an independent set of 
events.  
 
          Note: Independent ⇔ P(A|B)=P(A) 
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Independence of Three Events 
Definition 
 
The events A, B and C are called independent iff  
                     P(AB) = P(A)P(B), 
                         P(AC) = P(A)P(C), 
                         P(BC) = P(B)P(C), 
                        P(ABC) = P(A)P(B)P(C). 
 
If A, B and C are independent events, we say that 
{A, B, C} is an independent set of events.  
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Independence of n Events 
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Definition 
 
The set of events { A1 , A2 , …, An } are called 
independent if and only if for every subset  
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Example 13  
    In the experiment of tossing a fair coin twice, 

Let A and B be the events of getting heads on 
the first and second tosses, respectively. Are A 
and B independent? 

  Sol： 



74 

Example 14  
   An urn contains 5 red and 7 blue balls. Suppose 

that 2 balls are selected at random and with 
replacement. Let A and B be the events that the 
first and the second balls are red, respectively. 
Are A and B independent? 

  Sol：
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Example 15  
    In the experiment of selecting a random number 

from the set of natural numbers {1, 2, 3,…, 100 }, 
let A, B, and C denote the events that they are 
divisible by 2, 3, and 5, respectively. Are A, B, and 
C are independent? 

  Sol： 
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Theorem 2.6  
   If A and B are independent, then A and BC are 

independent as well.  
Pf：

 
 
Corollary： If A and B are independent, then AC  
                  and BC are independent as well.  
Pf： 
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Example 16  
    Dennis arrives at his office every day at a random time 

between 8:00 Am and 9:00 AM. Let  
    A： he arrives 8:15 AM and 8:45 Am.  
    B ：he arrives between 8:30 Am and 9:00 AM,   
    C ：he arrives either between 8:15 AM and 8:30  
          AM or between 8:45 AM and 9:00 AM.  
    Are A, B, and C are independent?  
   Sol： 
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Example 17 (Jailer’s Paradox) 
    Alex, Ben, and Tim are held in a prison. The jailer is the 

only person who knows which of these 3 prisoners is 
condemned to death. Alex has written a letter to his 
fiancée. Just in case he is not one of the two who will be 
free, he wants to give the letter to a prisoner who goes 
free to deliver. So Alex asks the jailer to tell him the 
name of one of the two prisoners who will go free. The 
jailer refuses to give that information to Alex. Putting 
Alex aside, he argues that, if he reveals the name of a 
prisoner who will go free, then the probability of Alex 
dying increases from 1/3 to 1/2. He does not want to do 
that. Is it reasonable? 
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Example 18  
    Figure shows an electric circuit in which each of 

the switches located at 1, 2, 3 and 4 is 
independently closed or open with probability p 
and 1-p, respectively. If a signal is fed to the 
input, what is the probability that it is 
transmitted to the output? 

   Sol： 
 

1 

4 3 

2 

Ans: p2(2-p2) 


